How to determine the control points of a Bézier 
curve that approximates a small circular arc 


Richard A DeVeneza, Nov 2004 


Bernstein polynomial 


Bézier-Bernstein curve 


Consider a four point Bézier 
C(t)=(1-t) P,+34(1-t) P,+30°(1-t)P, +0 P, (1) 
C(t)=P,+3(P,—P,)t+3(P,-2P,+P,)t'+(P,;-3P,+3P,-P,)t 


C(0)=P, 
C(1)=P 


3 

and its derivative 
C'(t)=-3(1-t)? Py» +3(1—-t)(1-3t) P,+34(2—-3t)P,+30°P, (2) 
C'(t)=3(P,—P,)+6(P,-2P,+P,)t+3(P,;-3P,+3P,—-P,)t 


indicate segment PP; istangetto C at Po ,asis P3P, at P; . 
0 
Consider anarc 4 ofsweep @ , < 90°, bisected by the x-axis. Let o=5 


Force the endpoints of C to the endpoints of 4 . Note the symmetry due to bisection. 
X)=cos(P) x,;= cos(#) N= 1%, (3) 
Yo=sin(p) y3=—sin(#) Va 0 


Force the midtime of C tothe midpoint of 4 . 


i peme ee es ees 1a 5 4 
P(S)=(5) Pot 3(s)(g) Pit3(5) (5) Pat Ps= (1,0) os 


Substitute x, with x, and y,with—y, 


1 3 3 1 1 3 3 1 
grr grit grt erst GVot gt eg Vat ge ¥s=9 : 
Ox, +3x,+3x,=8 43 50 (9) 


3A5=8 =25 53 Xj Vo=-), 


Force slopes of end point tangents of C to coincide with those of 4 


_ So a Ras) 2 375 Ap £9 = 
Mg y= he SXF XyX=Vo— YoY XoX1=Xot Vo VoVi=1— Yo), 
Xo Yo (Xp) 
(6) 
_ 3 pe ee ae) 2 a3 ag £9 = 
Mas hg ey en TX3FX.X3=Y3— V2 V3 X2X3=X3+V3—Y.V3=1—-YV3 
Xs y3 (X32) 


(7) 


In (7) substitute x, with x), y,with—y,, and y,with—y, and contrast with (6) 
4—x, 


3 


XyX,=1—Yoy,=Xyx,, thus x,=x, and substituting in (5) gives x,= 


In (6) substitute x, and multiply through by 3 
X(4—X))=3-3 yoy, 
_ B= x5(4=% 5) (1x4) (3x5) 


3 Yo 3 Vo 


1 


In final: 


0 . 0 
X9=cos(~) yo=sin(=) 


X3=X, V¥3—-— Vo 

7 _4- Xo _ (= %9)(3— 0) 
1 3 Ji 3, 

X= xX) Y2-=— Vy 


Use rotation, scaling and translation transformations on P to make the Bezier curve 
approximate a circular arc of sweep @ of an arbitrarily positioned and sized circle. 


